A GEOMETRIC CONSTRUCTION OF TANGO BUNDLE ON 



DANIELE FAENZI 



Abstract. The Tango bundle T over is proved to be the pull-back of the 
twisted Cayley bundle C(l) via a map /: — > Qz existing only in character- 
istic 2. The Frobenius morphism tp factorizes via such /. 

Using / the cohomology of T is computed in terms oi S®C, (p*{C), Sym^(C) 
and C, while these are computed by applying Borel-Bott-Weil theorem. 
By machine-aided computation the mimimal resolutions of C and T are given; 
incidentally the matrix presenting the spinor bundle S over Qs is shown. 



1. Introduction 

The well-known Hartshorne conjecture states, in particular, that there are no 
indecomposable rank-2 vector bundles on P", when n is greater than 5. However, 
one of the few rank-2 bundles on P^ up to twist and pull-back by finite morphisms 



is the Tango bundle T first given in [ Tango 1 |. Later Horrocks in |Horrocks| and 



Decker Manolache and Schreyer in [Pecker-Manolache-Schreyerj ] descovered that 



it can be obtained starting from Horrocks rank-3 bundle: anyway it only exists 
in characteristic 2. 

Here we prove that T is the pull-back of the twisted Cayley bundle C(l) (defined 
over any field) via a map / : P^ — > existing only in characteristic 2. This allows 
to compute its cohomology by Borel-Bott-Weil theorem (see |2.2| ). We observe 
non-standard cohomology of Sym^ C in characteristic 2, although C ^ S behaves 
standardly (i.e. as if char(A;) = 0). 

Different ways to prove that Tango's equations actually give C(l) are shown 
in section (^). Lastly in section (^) we give the minimal resolution of T and 
some more computational remarks. We make extensive use of Macaulay2 com- 
puter algebra system: computation-related material can be found on the url: 



littp : //www.math.unif i ■ it/~f aenzi/tango/ 



I would like to thank Wolfram Decker for the observations on the Horrocks bundle 
and his help on machine computation and Edoardo Ballico for his careful remarks 
about Ekedahl's work and representations in positive characteristic. Also I am 
indebted with Giorgio Ottaviani, who posed to me this problem. 

So let 

Qs = {^0 +Z1Z2 + Z3Z4 + Z5Z6 = 0} C P*^ 

be the 5-dimensional smooth quadric over an algebraically closed field k. We 
denote by ^ (respectively rj, () the generator of A^{F^) (respectively of A^{Q^), 
^^(Qs)), so that 

A{F^) = ZiCyif) AiQ^) = nv, C,]/{rf - 2C, r/^) 
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On the coordinate ring S(P^) we use variables Xj's while on S{Q5) we use Zj^s. 

2. The bundle on 

Let k be an algebraically closed field. On Q5 = G2/P{ai) we have the Cayley 
bundle C, coming from the standard representation of the semisimple part of the 
parabolic group P{ai), where ai is the shortest root in the Lie algebra of G2, the 
exceptional Lie group. C is irreducible G2— homogeneous with maximal weight 
A2 - 2Ai. C(2) (weight A2) is globally generated and h°(C(2)) = 14. 
C is the cohomology of a monad: 

0(-l) — >s — >0 

where S is the spinor bundle. C has rank 2 and Chern classes (—1, 1). The only 
non-vanishing intermediate cohomology groups are H^(C) = H^(C(— 4)) = k. All 
this is done in [ Ottaviani 2 | and follows easily from jJantzen , Proposition 5.4] in 
any characteristic. 

When char(/c) = 2 we have a map f : ¥^ —>■ having the expression 

f : (xq : . . . : X5) ^ {xqXi + X2X3 + ^4X5, Xq, xj, X2, Xg, x|, xf) 

and, letting ip be the Frobenius and tt the projection from (1:0:0:0:0:0:0) 
we have: 



(1) Q5 99* (Ops (1)) = Ops (2) 




P5 ^P5 vr*(0=?? vr*(e2) = ry2 vr*(^3) ^ ^3 ^ 2C 

We define T = /*(C(1)). The rank— 2 vector bundle T is the main subject of this 
paper. 

By Hirzebruch-Riemann-Roch theorem we have the following easy observation 
Observation 2.1. T has Chern classes (2,4) and 

^(T(t)) = -t^ + -t^ + 11^2 _^t-U 

^ 60 3 12 3 10 

The proof of the following theorem on the cohomology of T is left at the end 
of this section. 

Theorem 2.2. The non-zero cohomology ofT is the following: 
h°(T(t)) = x(T(t)) fort>2 

hi(T(-2)) = l hi(T(-l)) = 7 li\T) = U hi(r(l)) = 13 h\T{2)) = I 
h2(T(-3)) = 1 

and their Serre-dual h^"*(r(i)) = h'(r(-t - 8)). T' = T(-4) is the only twist for 
which all cohomology groups vanish. 

For this we first need an observation on the map /. 

Observation 2.3. For the map / above we have 

/,(Ops) = 0©0(-l)i^©0(-2) 

(2) /,(Ops(l)) = 5©06©0(-l)6 
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Proof. Let 9" = /*(Op5),9 = /*(0p5(l)). The map / is a 16: 1 cover, because 
the Frobenius is 32: 1 and the projection vr is 2: 1. Then J' and 3 are rank- 
16 vector bundles, whose cohomology one can read from the Leray degenerate 
spectral sequence. Indeed since = (for i > 0) we have 

ff(Q5,:?(t)) =ff(IP^r(0Q5(^)) = ff(P',0p^(2t)) 

(Qs, Sit)) = (p^ r (OQ,(i)(t)) = ff (p^ 0p5(2t + 1)) 

for < i < 5 and every t. This says that 3" and S have no intermediate cohomol- 



ogy, hence by [Kapranov] or | Buchweitz- Gr euel- S chr eyer | they must decompose as 



sum of spinors S and line bundles, up to twist (although actually Kapranov's set- 
ting is over C). For 9 this implies, by a computation on the Euler characteristic, 
that the only choice is the one stated while for 3' we have a priori two possibilities: 
the one stated above or 5 S{-1) 0(-l)^ 0(-2) 

Now the above formula says that the polynomial ring 5'(P^) decomposes as module 
over ^(Qs) (under the action given by /) as 5(P^)even © 'S'(P^)odd where: 

S(P^)evcn = © H°(P^ 0{2t)) 5(p5)odd = © HO(P^ 0{2t + 1)) 

For 3" we have to compute explicitely a presentation of the ^(Qs)— module 
even- We need eg to generate k — S'(P'')o and Cij to generate the mono- 
mial XiXj {i j) in S(F^)2, thus obtaing a map 

$: S{Q5) © 5(Q5)(-1)'' 5(P')o © S{¥% 

But the coordinate 645 is redundant, since ZQ^{eo) + $(eoi) + ^(623) = ^{e^^). 
Now for S'(P^)4: the terms containing xf already lie in the image (got by the 
action of Zi-i), and in fact we just have to fix X0X1X2X3 because, e.g. X0X1X2X4 = 
^3^(634) + 2:5^(625) + zo^ie24.) and X0X1X4X5 = X0X1X2X3 + ziZ2$(eo) + zo^(eoi)- 
Thus we get a generator in degree 2 (and no syzygy); moreover xqXi 2:2X3X4X5 = 
ziZ2^{e23) + Z3Z4^{eoi) + zo(xoXiX2X3), so that S'(P^)6, and in fact all S'(P^)cven, 
is also covered. 

The presentation could be computed also for S'(P^)odd, where one finds as 
syzygy of a map ^(Qs)^ © S{Q5){—1)^^ — > 5'(P^)odd the matrix giving the spinor 
bundle described later in (jsj), thus getting again (§). □ 



Remark 2.4. It seems likely that the observation ( |2.3| ) can be extended to any 
odd dimension. Here we only mention that for / : P^ — > we get /*(0p3) = S(B 
Oq3 0Oq3(— 1) and /*(0p3(l)) = Oq,^ which can be computed by the presentation 
or by Euler characteristic. 

Lastly, one may notice that 7r^,(5) = Op5(— 1)*^ and clearly 7r*(0p5(t)) = 0(t) © 
0(t — 1) so that the extension — > S{—1) — > 0(— 1)*^ — > S — > becomes split after 
TT* (actually this holds in any characteristic). This agrees with the formula 

(^*(0p5) = © 0(-l)^^ 0(-2)i5 © 0(-3) 
(^*(0p5(l)) = 0^ 0(-1)20 © 0(-2)6 

Next we compute the cohomology of Sym^ C, C (E> C, S (E> C. First notice that 
if V is the /SL (2)— representation giving C, when ch.a,r{k) = 2 the representation 
Sym^ V (having weight 2A2 — 4Ai) will not be irreducible (recall that in finite 
characteristic SL{2) is not linearly reductive, check | Nagata[ | ) , on the contrary. 
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letting C'^l = (/3*(C), we have the non-split exact sequence 



(3) 

We also have 
(4) 



Cl^l — > Syrn^C — > 0(-l) 



M'^qb) = ffi o(-i)^° e o(-2)^ e s{-i) 

V9,(0q,(1)) = 0^ © 0(-1)20 0(-2) S 

Now again by Borel-Bott-Weil theorem ( fJantzen] , Proposition 5.4]) we know 
h*(Sym^C(3)) = 0, Sym(4) is globally generated and: 



hO(Sym(t))=x(Sym2C(t)) 



1 



27 2 

— r 



t for t > 4 



20 8 8 20 
hi(Sym2 C(2)) = 14 h^Sym^ C(l)) = 7 h°(Sym2 C(-l)) = 1 

where in the above twists these are the only non- vanishing H*'s. By Serre duality 
we only miss H*(Sym^ C). Now since i?*((^*) = 0, by Leray spectral sequence, @ 
and (0) we get: 



H2(Sym2 C) = h2(cP]) ^^i:'^^ R^C ® S{-1)) 



Leray 



h2(c[2](_i)) = H2(Sym2C(-l)) 



Bott 



and by the same argument h^(Sym2 C) = 1, while the remaining h* are zero. The 
same procedure yields the values of h'(5 <^ C{t)) 



(5) 



h\S(^C) = 1 
h\S®C{-l)) = 1 
h^(S® C(-4)) = 6 
Now we can prove theorem (|2.2D 



h\S(^C{-2)) 
h\S(^C{-5)) 



for i > we use the Leray degenerate 



Proof of theorem (2A). Since R^{f*) 
spectral sequence that here reads: 

ff(p5,r(2t)) =ff(Q5,/*(Op5)^C7(l + t)) 

(6) ff(p5,r(2t + l)) =ff(Q5,/*(Op5(l))^C(l + t)) 

The even part gives R'{F^,T{2t)) = ff(Q5,C7(l + t)) © ff(Q5,C(t))i4 ^ 
ff(Q5,C7(t - 1)), while the odd part gives W{F\T{2t + 1)) = ff(Q5,C(l + 
t)f ff(Q5,C(t))^ © H*(Q5,S' C(l + t)) and these are known by the above 
formulas. □ 

Now we can write the Beilinson table of the normalized r(— 1) (rather than of 
T) that reads: 

/oooooo\ 

1 
1 
1 
1 7 
\000000/ 

Then we write r(— 1) as cohomology of a monad: 

0(-l) © fi^(4) — > fi2(2) n\i) 0^ 
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The following remark shows that our situation is more "rigid" than one may 
expect. 

Remark 2.5. We notice that we have the diagram: 




Then, as Edoardo Ballico pointed out to us, we may relate this framework to a 
description given by Ekedahl in |Ekedah], proposition 2.5] of finite morfisms ^p 
(with Y smooth) that factor through the Frobenius (p in characteristic p > 0: 



Y >Y 



Ekedahl shows that in such a situation Y is Qn, n is odd, ^p is the projection from 
a point external to Qn and the characteristic is 2. That is, precisely our setup. 



Remark 2.6. The values li^ {Sym^ C) = h^iSyia^C) = 1 exhibit non-standard 
cohomology for the representation Sym^ V. Indeed 3A2 — 3Ai is singular ((3A2 — 
3Ai,3ai +02) = 0) so standard Borel-Bott-Weil theorem (i.e. in characteristic 0) 
would give h*(Sym^ C) = 0. 



Of course, we would have no such sequence as 
defining C by C(t) we get 



Still, by tensoring the monad 



— > «) C{t) — > 5 (g) C{t) — > C{t) — > 
— >C{t-l) — >G'^ ^ C{t) — >C(^ C{t) — > 

whence we derive the values of h*(S'(8'C(t)) from those of Sym^ C, since if ch.av{k) 7^ 
2C^C = Sym^ C 0(-l). This way we would get the same values as in iM) if 
char(/!:) = 0. 

Finally, one can compute on Macaulay2 the values of the cohomology of C^l and 
check the correcteness of the above result. 



3. The Cayley bundle and Tango's equations 
In this sections we work over any algebraically closed field k and prove that 



Tango's equations in [Tango 1| give C(l) 
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First we complete Tango's 3x6 matrix by stacking 9 rows to get A having every- 
where rank 3 over the quotient ring S{Qi) = k[zQ, . . . , z^]/ {zq + ziZ2 + Z3Zi + z^zq) 

(7) 



A 



22 









2? 


2123 + 20^6 


-2024 + 2125 





z2 
^0 





Z1Z3 - ZQza 


22 
^3 


ZQZ2 + 2325 










2024 + 2125 


-2022 + 2325 


2^ 
5 





2022 - 2325 


72 

^3 


-2023 — 2226 





22 
^2 


^5 





2024 - 2125 


22 


—2224 — 2025 





^3 


2123 + 2026 





-?2 





-2023 + 2226 





22 


-2022 - 2325 


— 2224 + 2025 


22 





2123 - 2026 


-22 








-22 


2021 + 2426 


2024 + 2125 





-22 

^1 





-2o2l + 2426 


-22 

Z4 


-22 
^2 


-2224 - 2025 


ZQZS - 22 26 


22 








2224 - 2025 


22 


2021 + 2426 





22 





-2023 - 2226 


2021 - 2426 


-22 
^6 








-72 

^0 



indeed we have: 



sat(A) = sat((A^A)) = sat((A^A)) 
A'^A= (0) 



(1) 



Now let H be the sheaf (lm{A) )^(— 1). Tango's bundle F is defined as the 
cokernel O^O^H^F^O. 

One can ask Macaulay2 for the cohomology groups H*(i7) and the result is: 

h*(Q5, H{t)) =0 V t, < i < 5, except: 
h\Q,,Hi-l)) = l 



Therefore we have: 

the associated extension is: 

- 



Ext\(D,H{-l)) = k 



H{-1) 



W 











where is a 4-bundle whose intermediate cohomology is forced to be zero. Then 
by I Buchweitz-Greuel-Schreyei ] or [|Kapranov ] and Euler characteristic we get 
W = S s.nd H{-1) = so that F = C(l). 

A different method would be proving that C(l) and F have the same resolution. 
The resolution of C(l) can be obtained on the computer by in the following way. 
We first need a matrix for the spinor bundle S and we derive it from iBeauvilleH . 
We know that 5 is a rank— 4 bundle with no intermediate cohomology, = S{1), 
and h°(5(l)) = \i^{S{-b)) = 8. 

Then by Beilinson theorem S{1) extended by zero to has the resolution: 



— > Op6(-l) 







5(1) 







where now B, by the observations in |Beauvilk], is an antisymmetric matrix whose 
determinant is the equation of the quadric, to the power 4. This is done by the 
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matrix 



(8) 



B 



( 








^3 





— 7^ 
^1 


^5 










"^3 

















^3 








— Zk 




















•20 


-26 










-Zl 


Z-, 


-zq 













Zl 





-zq 


-Z6 








-za 







zq 





-Z2 





Zi 








\ zq 


Z6 


Z2 





-Zi 








y 



Incidentally, we mention that by matrices written in such a fashion one can 
obtain the spinor bundles over the quadric of any dimension. Here by a standard 
mapping cone construction we get an infinite 2-periodic resolution of (7(1) of the 
form: 



where 



Oq5(-4)'' 



Oq5(-3) 



49 



0Q5 



(-2)^4-0q3(-1) 



14 







3) 



56 



0( 



2) 



56 



56 



and this coincides with what we get by Tango's original construction. 



We remark that the periodicity here is a standard behaviour, by |Eisenbud|. 
The rank of the kernel of b is 28 and again it must have no intermediate cohomol- 
ogy. Then Euler characteristic shows that it must be S'(— 5)®'^, i.e. the resolution 
actually reads: 

^ 5(-5)®7 



\14 



C{1) 



This agrees with [ Ottaviani-Szurelj , pag. 197] (here we consider the dual spectral 
sequence) i.e. the above is a Kapranov sequence for C(l). 

Yet another method is the following. First one proves the analogous for Q5 of 



[ Tango 1 , lemma 1], i.e. 

Lemma 3.1. Let p: Q„ — > G(P'',P") be a non- constant morphism, with n odd 
and k even, and let £ be the pull-back on Qn of the dual universal sub-bundle 
on G(P^P"). Then k = ^, and: 



Ci(£) = 2a' 



for some positive integer a. 



Here p*{U){l) = H defined above, where p is given by the matrix A (^): a row 
of A{x) is a point in P^ and rk{A{x)) = 3, hence A{x) represents a P^ C P^. 
But we know that p*(U) contains the sub-line-bundle 0(— 1), so that o = 1. So 
^^norm = Then Macaulay2 gives H°(iJnorm) = H°(A^iJnorm) = thus 

H is stable by Hoppe's criterion. Hence we can conclude by ]Ottaviani 1 | that 
p*{U) = andF = C(l). 



Proof of lemma 4^. The proof is almost identical to the case of P", the only 

n + l 

difference being that we have to work in H*{Qn), where r]^~ = 2C,. 

We can suppose k even and < ^ because G(P'=,P") ^ (G(P'^-*=-i, P") and we 
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put Qi = Ci{p*{8,)), bi = Ci{p*{Q)) where Q is the universal quotient bundle. We 
have, in the ring ^((55)[t] the relation on Chern polynomials 



(9) 



C£v(t) • = 1 



Now we can think of the coefficients in iM) as integers times some rj"^ , taking care 



to replace C by |?7~2~, that is, replacing (and bi) by a- = (by b'- = ^bi) 
whenever i > ^^^^y^. 

Then one proceeds exactly as in [ Tango 1 , lemma 1] and [ Tango 2 , lemma 3.3], 
and finds: 

n- 1 



k 



2a' 



for z = 1, . . . , 



n-l 



k 



n' - n'^+l 



and so aj = 2a*, for all i's, as only for i = k + 1 we have to substitute ak+i = 
2a' □ 











4. FURTHER REMARKS 

Now we turn back to and char(A;) = 2. As we have the equations for T, 
Macaulay2 provides the following resolution 

0^-7) 07(-3) 
> © ^0^9(-6) ^098(-5) ^076(_4) ^ ^ 

0(-8) Oi4(-2) 
One may check that this gives back the Chern classes 2,4. 

As Wolfram Decker pointed out to me, another way to get Tango's bundle is by 
Horrocks bundle !K in characteristic 2. Concretely, Horrocks becomes a non-split 
extension T(-l) ^ J{ ^ ^ 0. 

This allows to compute the cohomology of !K in terms of T. 



Moreover in [Decker-Manolache-Schreyer] one finds an explicit description of 
the maps in the Beilinson monad. This provides also a check of computations. 
Denoting with cq, . . . ,65 the canical basis of E (the exterior algebra over V), 
and using the natural isomorphism Hom(J7*(i), $7-^(j)) = A'^~^V 
cohomology of the maps a and /3: 



Ej^i, T is the 



I eo 

ei 

62 
63 

65 



6465 

6365 
6364 
6162 
6062 

eoei 



a 



\ 6063 + 6164 + 6265 / 

606162 + 636465 60616364 + 60626365 + 61626465 
6063 + 6164 + 6265 696162 + 636465 61626465 







If we compute the resolution we get back the same result, thus restating what is 
said in [ pecker-Manolache-Schreyei , proposition 1.8.]. 

Applying cohomology algorithms in Macaulay2 developed by Decker Eisenbud 
and Schreyer one may also obtain a full table of the cohomology, which I write in 
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(10) 



total 
-6 
-5 
-4 
-3 



573 260 92 27 14 7 2 2 7 14 27 92 260 573 

573 260 91 14 

. 1 13 14 7 1 

1 



1 



-2: 1 7 14 13 1 

-1: 14 91 260 573 

Reading the table along one antidiagonal gives the list of cohomology groups of 
a single twist. Here the list for T starts from the up-right corner, while starting 
from a shift to the left means reading the list for a (—1)— twist. 
One can check that table (|To| ) agrees with theorem 2.2 . 
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